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Abstract
A polynomial map F = (P,Q) ∈ Z[x, y]2 with Jacobian JF :=
PxQy−PyQx ≡ 1 has polynomial inverse of integer coefficients if the
complex plane curve P = 0 has infinitely many integer points.
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1. Introduction. Let F : lCn −→ lCn be a polynomial map with integer
coefficients, F = (F1, . . . , Fn) ∈ Z[X1, . . . , Xn]n. The mysterious Jacobian
conjecture (JC)(See [BCW] and [E]), posed first by Keller in 1939 for the
integer case and still open even for two dimensional case, asserts that such
a map F is invertible and has a polynomial inverse with integer coefficients
if Jacobian JF := det( ∂Fi
∂Xj
) ≡ 1. K. McKenna and L. van de Dries in [DK]
discovered the nice fact that every polynomial surjection of Zn is an auto-
morphism of Zn that reduces Keller’s problem to proving the surjectivity of
such maps F .
In this note we present the following.
Theorem 1. Let F = (P,Q) : lC2 −→ lC2 be a polynomial map with integer
coefficients, F = (P,Q) ∈ Z[x, y]2 , and JF ≡ 1. If the complex plane curve
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P = 0 has infinitely many points in Z[i]2, then F has a polynomial inverse
with integer coefficients.
Here, as usual Z[i] := {a+ bi : a, b ∈ Z}.
In the proof of Theorem 1 presented on $ 4 we will show that if F =
(P,Q) is not invertible, the numbers of points in Z[i]2 lying on curves P =
c, c ∈ Z[i], must be uniformly bounded. This fact will be deduced from
Proposition 1, $ 3, which gives a plane version of van de Dries’s result (see
in [CD] and [E]) on the behavior of integer counterexamples to (JC).
In view of Siegel’s theorem [Abh. Deutsch. Akad. Wiss. Berlin Kl.
Phys.-Mat. 1929, no. 1], which states that there are only finitely many
integer points on a curve of genus g ≥ 1, if the complex plane curve P = 0
has infinitely many points in Z[i]2, at least one of it’s irreducible components
is a rational curve. As a partial case of the plane Jacobian conjecture it is
raised the question whether a polynomial map f = (p, q) ∈ lC[x, y]2 with
Jf ≡ c ∈ lC∗ is invertible if the curve p = 0 contains a rational curve.
However, it was known only that such a map f is invertible if the curve
p = 0 has an irreducible component homeomorphic to lC or if all fibres of
p are irreducible and the generic fiber of p is a rational curve (see [R], [LW]
and [NN]).
2. Lemma on partial inverse. We consider a given F : lCn −→ lCn,
(F1, . . . , Fn) ∈ lC[X1, . . . , Xn]n, with F (0) = 0 and JF ≡ c ∈ lC∗. In view of
the implicit function theorem the map F has a unique local analytic inverse
G(Y ) = (G1, . . . , Gn)(Y ) defined on an open neighborhoodW of 0 for which
G(0) = 0 and
(1) F ◦G(Y ) = Y, G ◦ F (X) = X , Y ∈ W,X ∈ G(W ).
Furthermore, the components Gi of G are power series in variables Y =
(Y1, . . . , Yn) with complex coefficients and the indenties in (1) hold in the
meaning of formal series.
The following lemma, which will be used in the next section, may has
an interest in itself.
Lemma 1. Let 1 ≤ k ≤ n be fixed and L := {y ∈ lCn : yj = 0 for k < j ≤
n}. If Gi(Y1, . . . , Yk, 0, . . . , 0), i = 1, n, are polynomials, then
i) the map g : L −→ g(L) ⊂ lCn defined by
g(y1, . . . , yk, 0, . . . , 0) := G(y1, . . . , yk, 0, . . . , 0)
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is an isomorphism,
ii) the inverse of g is the restriction f of F to the image g(L) and
iii) If n = 2 and k = 1, then the map F is invertible and F−1 = G.
Proof. First, we will prove (i) and (ii). Let V be the connected component
of F−1(L) containing the origin 0. Since JF ≡ c ∈ lC∗, F−1(L) is a nonsin-
gular algebraic set of dimension k, and hence, V is a nonsingular irreducible
algebraic set of dimension k. Let FV be the restriction of F on V . As
assumed, the components Gi(Y1, . . . , Yk, 0, . . . , 0), i = 1, n, are polynomials,
the maps FV ◦ g and g ◦ FV are well defined and are regular morphisms.
Furthermore, by (1) we have that FV ◦ g = idL on L ∩W and g ◦ FV = idV
on V ∩ G(W ). As L and V are nonsingular irreducible algebraic sets of
dimension k, it follows that
FV ◦ g = idL; g ◦ FV = idV
and
g(L) = V ; f = FV .
Hence, we get the conclusions (i) and (ii).
Now, we consider the case n = 2 and k = 1. By (i) and (ii) the maps g :
L −→ lC2 and f : g(L) −→ lC2 are embeddings. Applying the Abhyankar-
Moh-Suzuki Theorem on embeddings of the line into the plane (see [AM],
[S]), we can find a new affine coordinate of lC2 in which g(L) is a line. Thus,
F maps the line g(L) one-to-one to the line L, as f is the restriction of F to
g(L). Then, F is invertible and F−1 = G by the well known fact (see in [G],
[E]) that a non-zero constant Jacobian polynomial map of lC2 is invertible
if it sends a line one-to-one into the plane. (This results from an application
of Abhyankar-Moh-Suzuki Theorem and the similarity of Newton polygons
of components of Jacobian pairs.)
3. A plane version of van de Dries’s result. Van de Dries ( see in
[CD] and [E]) observed that if F ∈ Z[X ]2 is a counterexample to (JC) and
JF ≡ 1, then F will maps the lattice Z[i]n into a narrow neighborhood of
it’s exceptional value set AF , namely
(2) Dist(F (p), AF ) ≤ 1 for all p ∈ Z[i]n.
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Here, Dist(p, V ) := infq∈V maxi=1,n |pi − qi| and the exceptional value set
AF of F is the smallest subset AF ⊂ lCn such that the restriction F :
lCn \ F−1(AF ) −→ lCn \ AF gives a unbranched covering.
The following gives a version of the mentioned result for the plane case.
For points q = (a, b) ∈ lC2 and a subset V ⊂ lC2 we define
dˆ(q, V ) := max(min{|a− u| : (u, b) ∈ V },min{|b− v| : (a, v) ∈ V }).
Here, as convention max{∅} := +∞. Clearly, Dist(q, V ) ≤ dˆ(q, V ).
Proposition 1. Let F = (P,Q) ∈ Z[x, y]2 with Jacobian JF ≡ 1. If F is
not invertible, then
(3) dˆ(F (p), AF ) ≤ 1 for all p ∈ Z[i]2
Proof. Let F = (P,Q) ∈ Z[x, y]2 with JF ≡ 1 and suppose that F is not
invertible. Assume the contrary that there is a point (a, b) ∈ Z[i]2 such that
dˆ(F (a, b), AF ) > 1, for instance,
(4) min{|P (a, b)− u| : (u,Q(a, b)) ∈ AF} > 1.
Instead of F , we consider the map F¯ = (P¯ , Q¯) given by F¯ (x, y) := F (x +
a, y + b) − F (a, b). As (a, b) ∈ Z[i]2 and F ∈ Z[x, y]2 with JF ≡ 1, one
can verify that F¯ ∈ Z[i][x, y]2, JF¯ ≡ 1, F (0, 0) = (0, 0) and, like as F , F¯
is not invertible. Furthermore, AF¯ = AF − F (a, b) and min{|P (a, b) − u| :
(u,Q(a, b)) ∈ AF} = min{|u| : (u, 0) ∈ AF¯}. Hence, by (4)
min{|u| : (u, 0) ∈ AF¯} > 1.
It follows that there are numbers r > 1 and s > 0 small enough such that
the set AF¯ does not intersect the box B := {(u, v) ∈ lC2 : |u| < r; |v| < s}.
Now, let G(u, v) = (R(u, v), S(u, v)) be the local inverse of F¯ at (0, 0),
G(0, 0) = (0, 0), F ◦ G(u, v) = (u, v) on a neighborhood W of (0, 0) and
R(u, v) and S(u, v) are convergent power series in W . Since F¯ : lC2 \
F−1(AF¯ −→ lC2 \AF¯ is a unbranched covering, B is open simple connected
set and B ∩ AF¯ = ∅, the local inverse G of F¯ can be extended analytically
over the box B. It follows that the power series R(u, 0) and S(u, 0) are con-
vergent for |u| < r. As R(u, 0) and S(u, 0) are power series with coefficients
in Z[i] and r > 1, R(u, 0) and S(u, 0) must be polynomials in u. Hence,
by applying Lemma 1 we get that F¯ is invertible which contradicts to the
assumption.
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Remark 1. As shown in [E, p. 262], there exists dominant mappings F
of lCnwhich satisfy van de Dries’s estimation. One of such maps is the
map F = (P,Q), P (x, y) = x6y4 + x2y, Q(x, y) = x9y6 + 3x5y3 + 3x,
given by Makar-Limanov. For this map AF = {u = 0} ∪ {u3 − v2 = 0},
P (x, y) = s2 − (xy)−2 and Q(x, y) = s3 − (xy)−3, where s := x3y2 + (xy)−1.
Then, Dist(F (x, y), AF ) = 0 for x = 0 or y = 0 and Dist(F (x, y), AF ) ≤
Dist(F (x, y), (s2, s3)) ≤ 1 for (xy)−1 ≤ 1. Hence, Dist(F (x, y), AF ) ≤ 1 for
all (x, y) ∈ Z[i]2. However, this map does not satisfy the estimation (3).
Indeed, for (x, y) = (1, 1), F (1, 1) = (3, 7) and the line u = 3 intersects
AF at (3, 3
√
3) and (3,−3√3). So, dˆ(F (1, 1), AF ) > 1, since min{|7 − v| :
(3, v) ∈ AF} = 7− 3
√
3 > 1.
4. Proof of Theorem 1. Let k ∈ Z[i] and denote by I(P, k) the set of
all points in Z[i]2 lying on the curve P = k, I(P, k) := {P = k} ∩ Z[i]2.
Theorem 1 follows directly from the following lemma.
Lemma 2. Let F = (P,Q) ∈ Z[x, y]2 with Jacobian JF ≡ 1. If F is not
invertible, then the numbers #I(P, k), k ∈ Z[i], must be uniformly bounded,
max
k∈Z[i]
#I(P, k) < +∞.
Proof. Assume that F is not invertible. Then, AF 6= ∅ and is an algebraic
curve in lC2( See for example [J]). Let DegAF be the degree of the curve
AF and deggeo.F be the topological degree of F , deggeo. F = #F
−1(p) for
generic points p ∈ lC2. As JF ≡ 1, deggeo. F ≥ #F−1(p) for all p ∈ lC2.
Now, fix a number k ∈ Z[i]. Let us denote by L the line {(u, v) ∈
lC2 : u = k} and by D the disk {(0, c) ∈ C2 : |c| ≤ 1}. Then, in view of
Proposition 1 we have
I(P, k) ⊂ F−1(
⋃
p∈L∩AF
((p+D) ∩ Z[i]2))).
It is easy to see that each of the sets (p+D)∩Z[i]2 cannot have more than
5 points. So, we get
#I(P, k) ≤ 5 deggeo. F#(L ∩AF ).
The number #(L ∩ AF ) cannot be larger than the intersection number of
the line L and the curve AF , except for the situation L ⊂ AF . However,
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such situation is impossible, since the irreducible components of AF cannot
be isomorphic to a line ( see [C1]). Hence, we obtain
(4) #I(P, k) ≤ 5 deggeo F degAF .
Remark 2. Examing more carefully the intersection (L ∩ AF ) and using
results of [C1], one can improve the bound in (4). In fact, we can get
(5) #I(P, k) < 5 deggeo F deg P
gcd(degP, degQ)− 1
gcd(degP, degQ)
.
Remark 3. One may ask for which curves h = 0 the set I(h◦F, 0) is finite.
If h = 0 is not such a curve, the curve h ◦ F = 0 must has a branch at
infinity γ which contains infinitely many integer points. Then, the branch
F (γ), which is a branch at infinity of h = 0, must be very close to branches
at infinity of the curve AF . Using the description of AF in [C2], we can see
that if (P,Q) ∈ Z[x, y]2 is a counterexample to (JC), then #I(h◦F, 0) < +∞
for almost all curves h = 0 homeomorphic to lC.
To conclude the paper we want to note that both of Theorem 1 and
Proposition 1 remain true if one replaces the ring Z[i] by subrings R of the
ring of integers of a quadratic number field of the form Q(i
√
m). In fact,
in our arguments to prove Theorem 1 and Proposition 1 the only fact of
Z[i] used is that every power series with coefficients in Z[i] and convergent
radius larger than 1 must be polynomial. This fact is also true for power
series with coefficients in such a ring R (see [E]).
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